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Abstract. In this paper, we generalize the Gauduchon metrics on a compact 
complex manifold and define the 7*, functions on the space of its hermitian metrics. 



1. Introduction 

Let X be a compact n-dimensional complex manifold. Let g be a hermitian 
metric on X and U) its hermitian form. It is well known that if du = 0, then g or uj 
is called a Kahler metric and therefore X is called a Kahler manifold. When X is a 
non-Kahler manifold, one can consider the other conditions on uj such as 

(1.1) duj k =0, 2<k<n-l. 

If d{u n ~ l ) = 0, then g or uj is called a balanced metric and so X is called a balanced 
manifold [19]. However, when 2 < k < n — 2, dui k = automatically yields du = 
|15j . Instead of (jl.ip . one can consider the fe-Kahler condition [I]. A complex 
manifold is called A;-Kahler if it admits a closed complex transverse (k, /c)-form. 
By this definition, a complex manifold is 1-Kahler if and only if it is Kahler; it is 
(n — l)~Kahler if and only if it is balanced. 

One can also generalize the Kahler condition along other directions, for instance, 

(1.2) ddoo k = 0, 1 < k < n - 1. 

When k = n — 1, the metric u is called a Gauduchon metric. Gauduchon jllj 
proved an interesting result that, for any hermitian metric a; on a compact complex 
n-dimensional manifold X, there exists a unique (up to a constant) smooth function 
v such that 

(1.3) ddie"^- 1 ) = on X. 

Thus, the Gauduchon metric always exists on a compact complex manifold. It is 
important in complex geometry since one can use such a metric to define the degree, 
and then make sense of the stability of holomorphic vector bundles over a non-Kahler 
complex manifold (see |18j). 

When k = n — 2, the metric u satisfying (11.21) is called an astheno- Kahler met- 
ric. Jost and Yau jTT] used this condition to study hermitian harmonic maps, and 
extended Siu's rigidity theorem to non-Kahler complex manifolds. 

When k = 1, the metric u in (II. 2p is called a pluriclosed metric, which is also 
called strong KT (Kahler with torsion) metric (see [131 [7] and the references therein) . 
Such a condition appeared in (HJ [2] as a technical condition. Recently, Streets and 
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Tian [21] introduced a hermitian Ricci flow under which the pluriclosed metric is 
preserved. 

It is important to find specific hermitian metrics on non-Kahler complex mani- 
folds. J. Li, S.-T. Yau and Fu [8] have constructed balanced metrics on complex 
structures of manifolds #k>2{S 3 x 5 3 ) which are obtained from the conifold tran- 
sition of Calabi-Yau threefolds. As a corollary, there exists no pluriclosed metric 
on such manifolds. We note here that the specific hermitian geometry of threefolds 
#/c(§ 3 x S 3 ) was first considered by Bozhkov OS]. In this paper, we generalize (II. 2ft 
to weaker conditions: 

(1.4) ddu k A w"^" 1 = 0, 1 < k < n - 1. 

Definition 1. Let to be a hermitian metric on an n- dimensional complex manifold 
X , and k be an integer such that 1 < k < n — 1. We call u the k-th Gauduchon 
metric if to satisfies 

Note that an (n — l)-th Gauduchon metric is the classic Gauduchon metric. The 
natural question is whether there exists any k-th. Gauduchon metric, 1 < k < n — 2, 
on a complex manifold. To answer this question, one way is to look for such a metric 
in the conformal class of a given hermitian metric wonX: 

(1.5) dd{e"ijj k ) A co n ~ k ~ 1 = 0. 

However, equation (jl.5p in general needs not admit a solution (see below for reasons). 
In this paper, we solve the equation 

(1.6) dd{e v co k ) A w"-^ 1 = lk e v u n 

for some constant 7& satisfying the compatibility condition. The constant 7^, if 
nonzero, can be viewed as an obstruction for the existence of a /c-th Gauduchon 
metric in the conformal class of uj, for 1 < k < n — 1. 

Equation (]1.6p can be reformulated, in a slightly more general form, as follows: 
Let (X,uj) be an n-dimensional compact hermitian manifold, and B be a smooth 
real 1-form on X. For any smooth function / on X satisfying 



(1.7) / fu n = 0, 

Jx 

we consider the following semilinear equation 

(1.8) Av + \Vv\ 2 + (B,dv) = f onl. 

Here A and V are, respectively, the Laplacian and covariant differentiation associ- 
ated with uj. Clearly, equation (I1.8D needs not have a solution, due to the compati- 
bility condition (ll.7p . For instance, let oj be balanced and B = 0, then in order that 
(11.81) has a solution the function / has to be zero. Nonetheless, we shall show that, 
there is a smooth function v so that equation (11.8P holds up to a unique constant c. 
More generally, we have the following result: 

Theorem 2. Let (X,oj) be a compact hermitian manifold, B be a smooth real 1-form 
on X, and ip £ C°°(R) satisfy 

(1.9) liminf ^ > v > 0, where \i > 1/2 and v are constants. 

t— >+oo tA 4 



SEMILINEAR EQUATIONS 



3 



Then, for each f £ C°°(X) satisfying (jl.7p . there exists a unique constant c, and a 
smooth function v on X , unique up to a constant, such that 



which in general is nonzero. 

Letting ip(t) = t on R, we obtain an application of Theorem [2j 

Corollary 4. Let (X,uj) be an n- dimensional compact hermitian manifold. For any 
integer 1 < k < n— 1, there exists a unique constant 7&, an d a function v £ C°°{X) 
satisfying that 



The solution v of is unique up to a constant. In particular, when k = n — 1 

we have j n -± = 0. If uj is Kahler, then 7fc = and v is a constant, for each 
\<k<n — l. 

Remark 5. When k = n — 1, this corollary recovers the classical result of Gaudu- 
chon [TTj . 

By Corollary HI we can associate each hermitian metric uj a unique constant 7fc(w). 
Clearly, 7^ = 7fc(w) is invariant under biholomorphisms. Furthermore, we will prove 
that 7^ depends smoothly on the hermitian metric uj (see Proposition [9]); and that 
7fc(w) = if and only if there exists a fe-th Gauduchon metric in the conformal class 
of uj (Proposition [8]). 

We will prove in Proposition [TT1 that the sign of 7fe(w), denoted by (sgn7/ c )(w), is 
invariant in the conformal class of uj. We denote by Efc(X) the range of sgn7fc. By 
definition Sfc(X) C {—1,0,1} for each k, and by Corollary 0] we have H n _i(X) = 
{0}. A natural question is whether H^(X) = { — 1,0, 1} for any 1 < k < n — 2 on 
any compact complex manifold X. Indeed, if Ei~(X) D { — 1, 1} then the answer is 
positive, by Proposition [9l Thus, there will be a /c-th Gauduchon metric on X. We 
can also ask whether Hfc(X) is invariant under the modification. These questions 
will be systematically studied later. As a first step, we obtain the following result. 

Theorem 6. For n = 3, we have 1 £ Hi (A). Namely, for any 3- dimensional 
hermitian manifold X, there exists a hermitian metric uj such that 71 (w) > 0. In 
particular, there is no 1-st Gauduchon metric in the conformal class of uj. 

Then, we combine the above results to prove that, as an example, Hi = {—1,0, 1} 
on the three-dimensional complex manifolds constructed by Calabi [5]. As a conse- 
quence, there exists a 1-st Gauduchon metric on these manifolds. It is well-known 
that such manifolds are non-Kahler but admit balanced metrics. We do not know 
whether there exists any pluriclosed metric on them. 

Another example we considered is Y = S" 5 x S 1 , endowed with a complex structure 
so that the natural projection it : S 5 x 5 1 — > P 2 is holomorphic. This would imply 



(1.10) Av + ip(\Vv\ 2 ) + (B,dv) = f + c onX. 



Remark 3. The compatibility condition of (jl.lOp implies that 

_ j x {/\v + ^{\Vv\ 2 ) + {B,dv))io n 



(1.11) 
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that there is no balanced metrics on 5 5 x 5 1 . Moreover, we can prove that S 5 x S 1 
does not admit any pluriclosed metric. On the other hand, by considering a natural 
hermitian metric on S 5 x S , we are able to show that Hi(5 5 x S 1 ) = { — 1,0, 1}. 
Thus, S 5 x S 1 admits a 1-st Gauduchon metric. 

We shall solve equation (ll.lOj) by the continuity method. In Section we set up 
the machinery and prove the openness. The closedness and a priori estimates are 
established in Section [3J In Section 01 we prove the uniqueness part in Theorem [2] 
and also prove Corollary [H In Section [5l we discuss the relation between 7& and the 
k-th Gauduchon metric. In section^ we prove TheoremEl and explicitly construct a 
metric with positive 71 on the complex 3-torus. As another example, we show that 
the natural balanced metric on the Iwasawa manifold has a positive 71 number. 
In section 7, we establish the existence of 1-st Gauduchon metric on Calabi's 3- 
dimensional non-Kahler manifold, by using Theorem[6]and proving that the balanced 
metric on the manifold has a negative 71 number. In the last section, we prove the 
existence of a 1-st Gauduchon metric on S 5 x S . We also show the nonexistence of 
balanced metric and pluriclosed metric on S 5 x S . 

Acknowledgment. The authors would like to thank Professor S.-T. Yau for helpful 
discussion. Part of the work was done while the third named author was visiting 
Fudan University, he would like to thank their warm hospitality. Fu is supported in 
part by NSFC grants and LMNS. 

2. Notation and preliminaries 
Throughout this note, we use the following convention: We write 

f-\ n 

— 9i ~3 dzl A 



Let (<7 y ) be the transposed inverse of the matrix (<?jj). For any two real 1-forms A 
and B on X, locally given by 

n n 

A = ^2 {Aidzi + Aidzi) and B = ^ (Bidzi + Bjdzi) , 

i=l i=l 

we denote 

n 



(A, B)u = \Y^ gV (AiBj + AjBi) . 



2 

We may omit the subscript u in (■, -} w when it is understood from the context. In 
particular, we have 

(dh, dh) = 9 f nJ^- = l v/l l 2 ' for a11 h G C\X). 

■ ■ , (JZi OZj 
1,3=1 J 

The Laplacian A associated with ui is given by 

Ah = ^ — ^ 2 ) dBh = 9 % 3 , for all h G C\X). 
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We use the continuity method to solve (ll.lOp . Fix an integer I > n + 4 and a real 
number < a < 1. We denote by C l,a (X) the usual Holder space on X. Let 

f x {Au + ?K|Vu| 2 ) + (B,du))uj n 



S(u) = Au + if>(\ Vul 2 ) + (B, du) 



for each u G C l,a (X). Consider the following family of equations, 

(2.1) S(v t ) =tf, < t < 1. 

Let / be the subset of [0, 1] consisting of t for which the equation (|2.ip has a solution 
Vt £ C'' a (X) satisfying 

(2.2) / v t uj n = 0. 



Obviously, the set / is nonempty since £ I. The openness of / will follow from 
our previous results [HI Section 3]. Indeed, let 

(2.3) e l f = the c l > a (x); I /iw n = o|. 

Notice that S : £{J~ 2,a — > Sh a . The linearization of S is 



M*) = J t s ^ + «') 



t=o Jx w ™ 



where 

i? = S + 2^'(|Vv| 2 ) ( i7;. 

It follows from the proof of Lemma 13 in [9] that L u is a linear isomorphism from 
£ l+2 ' a (X) to £:'' a (X). Thus, by the implicit theorem we obtain the openness of /. 

For the closedness of I we need the a priori estimate, which will be established 
in Section [3l 

3. A Prior estimates 

Let (X,uj) be an n-dimensional hermitian manifold, B a smooth 1-form on X, f 
a smooth function on X, c a constant, and ip G C°°(R) satisfy fjl .9j> . Consider the 
following semi-linear equation: 

(3.1) S(v) = Av + ip{\Vv\ 2 ) + (B,dv)-c = f onX, 

where v £ C 3 (X) satisfies the normalization condition 



(3.2) / vuj n = 0. 

Jx 

We shall first derive a uniform gradient estimate: 
Lemma 7. Let v G C 3 (X) be a solution of (|3.ip . We have 

sup | Vu| < C, 

where C > is a constant depending only on B, f , u, tp(0), (J, and v. 
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Throughout this section, we always denote by C > a generic constant depending 
only on B, f, to, fi, and v, unless otherwise indicated. 

Proof. Since X is compact, we can assume that |Vv| 2 attains its maximum at some 
point Xq £ X. Consider the following linear elliptic operator 

L(h) = Ah + 2^'(\Vv\ 2 ){dh,dv) UJ = Ah + ^'(\Vv\ 2 )g fj (hiVj + hpi), 

Here the summation convention is used, and we denote 

h _ dh_ ij_ dg^_ 

n i- dz v 9, k - dzk , ■■■■ 

We compute that 

L(\ Vv\ 2 ) = A(\Vv\ 2 ) + if/g* [(|V«| 2 )iVj + ^(|V^| 2 )j] 

= gVg^ivpiVfj + v p] Viq) + g™[(Av) p v q + v p (Av) q ] + g lj g p iv p 

+ 9 t3 9 P i{v p -jVq + VpVgj) + g lJ g P f{v pi Vq + VpViq) 



(9p fjV q + g%v fj ) + tfg* [dVv^vj + v l (\Vv\ 2 ) ] ] . 



Using equation (J3JJ) to the second term on the far right of above equalities and then 
using the Schwarz inequality, we find 

L(\Vv\ 2 ) > \g l ~ 3 g p \v pi vq- + v p]Vl q) - C\Vv\ 2 - C. 
To see more clearly, let us take a normal coordinate system around xq such that 
9ij ( x o) = . for alii, j = 1, . . . , n. 

It follows that 

1 n 

L(\Vv\ 2 )>-J2 \v pl \ 2 - C\Vv\ 2 - C 

i,p=l 

>\jZ\^\ 2 -C\Vv\ 2 -C 

i=i 

> — \Av\ 2 — C|Vt>| 2 — C (hy Cauchy's inequality 

> — |-0(|Vt;| 2 ) + (B, dv) -f-c\ 2 - C\Vv\ 2 -C (by (E 
2n V 

> — |-0(|Vt;| 2 )| 2 - C\Vv\ 2 - C(l + |c| 2 ). 

We can assume, without loss of generality, that |Vv| 2 (a;o) is sufficiently large so that 

V>(|Vt;| 2 ) > ^\Vv\ 2 >* at x , 

where /i > 1/2 and v > are constants, by (jl.9p . Now notice that 

L(\Vv\ 2 ) < at s , 
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because of 

A(\X7v\ 2 )(x ) < 0, and V(|Vv| 2 )(x ) = 0. 
Hence, we obtain that 

sup \Vv\ 2 = \Vv\ 2 (x ) < C(l + |c| 2 ). 

X 

It remains to bound the constant c in terms of / and ip(0) : Apply the usual maximum 
principle to (|3.ip to obtain that 

(3.3) i/>(0) -sup/ < c < -inf/ + ^(0). 

x x 

This finishes the proof. □ 

Next, we establish the C° estimate: Noticing (|3.2|) . there must exist some point 
yo £ X such that v (yo) — 0. Then, for any point y £ X, we take a geodesic curve 7 
connecting yo to y. We have by Lemma [7] that, 

< / (|Vu| o 7) dt < C. 
Jo 

This settles the C° estimate of v. 
We rewrite equation (|3. If) as 

Av = -ip(\Vv\ 2 ) - (B, dv) + f + c. 

By W 2 ' p theory of elliptic equations, we have for any p > 1, 

Nlw»* ^ Cdl^ll^ + 11/ + c- ^(|Vu| 2 ) - (5,^)11^) 
< Ci, 

where in the last inequality we have used the C° and C 1 estimates of v, and (|3.3p . 
Here and below, we denote by C± a generic constant depending on B, /, u, fj,, v, 
and also p, and max{|'0(t)|; < t < max \Vv\ 2 < C}. 

Fix a sufficiently large p such that a = 2n/p < 1. It follows from the Sobolev 
embedding theorem that 

IMIc 1 '" — Ci- 

This allows us to apply Schauder's theory to obtain that 

IMIc 2 > a ^ Ci- 

Thus, by the bootstrap argument, we have 

(3.4) IMIc 1 -" — Cl> for any > 1. 

This implies that the set / defined in Section [2] is closed. As a consequence, we have 
shown the existence part in Theorem [2j 



\v(y)\ = \v(y) - v(y )\ 



d(v o 7) 
Jt 



dt 
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4. Uniqueness and Corollary 

Let us prove the uniqueness in Theorem [2j Suppose that there exist c, v and c, 
v such that 

Av + i{j(\Vv\ 2 ) + (B,dv) = f + c, 
Av + ip{\ Vv\ 2 ) + (B, dv)=f+ ~c. 

Then, 

c= f x (Av + i;(\Vv\ 2 ) + (B, dv))u n 



L 



x 



LO' 



(4.2) 

Recall that we denote 



j x (Av + ip(\Vv\ 2 ) + {B,dv))u n 



fx" n 

S(u) = Au + ?p(\Vu\ 2 ) + (B, du) 



2 , |/DJ , J x (Au + i;(\Vu\ 2 ) + (B,du))^ 



X 



UJ 1 



j t S{tv + (l-t)v) 



dt 



for all u £ C 2 (X). It follows that 

= S(v) - S(v) -- 

(4.3) = Aw + (B,dw) - c w . 
Here w = v — v, 

B = B + 2 [ ip'QtVv + (1 - t)Vv\ 2 ) [tdv + (1 - t)dv) dt, 
Jo 

and c w is a constant given by 

J x (Aw + (B,dw))u n 

Applying the maximum principle to (|4.3p yields 

Cu, = 0. 

Then, by the strong maximum principle we conclude that w is equal to a constant. 
This shows that the solution of (ll.lOp is unique up to a constant. By (]4.ip and (14.2(1 
we have c = c. This completes the proof of Theorem [2j 

Let us now prove Corollary HI We define a smooth real 1-form on X 

(4.4) B l = ^p^7^ * (^K- 1 ) " d{uj n - 1 )) 

2 ra — 1 n! 7 

and a smooth function 

n(^=T/2)dd(a; fe ) A uj n ~ k ~ l 

(4.5) ^ = v . 

Then f j 1 . 1 1 j) is equivalent to 

Av + \Vv\ 2 + (Bx,dv) + ip = nj k . 
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Letting 

i;(t)=t and f = If^-<p, 
Jx w 

Corollary H] then follows readily from Theorem [2j 
For each 1 < k < n — 1, the constant 7^ is given by 

f x e~ v {y/^T/2)dd(e v uj k ) A u n - k ~ l 



(4.6) 7fc 
(4.7) 



fx" n 

j x (Av + \Vv\ 2 + {B u dv) + y)to n 



nf x uj n 

On the other hand, directly integrating (jl.lip over X yields that 

f x (^/=l/2)dd(e v uj k ) Auj n ~ k - 1 



(4.8) 7fc 



fx f 



x' v 



This together with (|4.6|) imposes some constraint on the constant 7/%. For instance, 
when k = n — 1, by (|4.8p we know that 

7n-i = 0. 

Thus, in this case Corollary [J] recovers the classic result of Gauduchon When 
uj is Kahler, by (|4.8p again we have 

7A; = f or all 1 < k < n — 1 . 

Then, it follows from (|4.7|) that 

f \Vv\ 2 uj n = 0. 
Jx 

This tells us that the solution v of (jl.lip has to be a constant. 

5. Generalized Gauduchon metrics and 7 ^ 

Let X be an n-dimensional complex manifold. We recall by Definition [1] that a 
hermitian metric U) on X is called /c-th Gauduchon metric if 

dd(oj k ) A Lo n ~ k ~ 1 = onl. 

Then, the (n— l)-th Gauduchon metric is the Gauduchon metric in the usual sense. 
By Corollary HI each hermitian metric to on X can be associated with a unique 
constant 7 fc(w), which is invariant under biholomorphisms. The induced function 
Ik = 7fc( w ) can be used to characterize the /c-th Gauduchon metric. 

Proposition 8. The hermitian manifold X admits a k-th Gauduchon metric if and 
only if that there exists a hermitian metric to on X such that 

(5.1) lk (oo) = 0. 

Proof. If there is some hermitian metric to satisfying (|5.ip , then Corollary [4] implies 
that the conformal metric e v f k to is a k-th. Gauduchon metric on X. Conversely, 
if uj is a /c-th Gauduchon metric, then the uniqueness of Corollary H] implies that 
7^(0;) = and that v is a constant. □ 
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Let SOt be the set of all hermitian metrics on X. We shall prove that is a 
smooth function on 9Jt. Here VJl is viewed as an open subset in C l+2 ' a (A^ (X)), for 
a nonnegative integer I and a real number < a < 1. We denote by C l,a (A^ ,m (X)) 
the Holder space of real (m, m)-forms on X, in which I and m are nonnegative 
integers, and < a < 1 is a real number. In particular, C l > a {A^°(X)) = C l ' a (X). 

Proposition 9. The function 7^ = 7/t(w) is a smooth function on 9Jt, where 9Jt is 
viewed as an open subset in C l+2 ' a (A£, (X)). 

Proof. It follows from Corollary |4] that, for each u £ 971, there exists a unique 
constant 7^ and a function u such that 

(5.2) e- v (^T/2)dB(e v uj k ) A w""^ 1 - 7fc u; n = 0. 

Then, 

J x e~ v (^T/2)dd(e v uj k ) A w"-'" 1 

^ k = f n 

depends smoothly on v and w. Thus, to show the result, it suffices to show that the 
solution v depends smoothly on u>. We shall use the implicit function theorem. 
For each cj S 9H, the space E 1 ^ is defined by f|2.3[) . Fix ujq G SOT, for which we 



abbreviate £q° = We have two obvious linear isomorphisms from Elf 1 to Sq", 
given respectively by 

(5.3) h^h- 4— 7T > for a11 & G ^ 



and 



(5.4) 1 — > h ■ — for all h € 5, 



^6 



Define a map 

_ n e - v {V^l/2)dd(e v oj k ) Auj 71 "^ 1 



/ x e~ v {yT : l/2)dd{e v tJ t ) A oo n ~ k ' 1 uj r 
Jx~^~ 



IX' 

Obviously, F is a smooth map. Note that any (u, v ) S 9JT x £q +2 ' q satisfies (|5.2|) if 
and only if 

F(u,v) = 0. 

The Frechet derivative of F with respect to the variable v is 

D v F{uj,v){h)=L u] {h) — . 

Here 

r ^ , /o . ,m / x (Afc+<S 1 + 2dt;,ctfi> w K 
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in which the Laplacian A is with respect to u), and B\ is the smooth real 1-form 
given by (|4.4p . By the proof of Lemma 13 in [9] and the isomorphism (|5.3p . the 
operator : £q +2,q — > £l] a is a linear isomorphism. This combining isomorphism 

fl5ID imply that D v F(oo,v) : £ l +2 ' a £ l ^ a is a linear isomorphism. The result then 
follows by the Implicit Function Theorem. □ 

A direct corollary of Proposition [9] is as below. 

Corollary 10. For 1 < k < n — 2, if there exists two hermitian metric wi, u>2 on X 
such that 

7fe(wi) > and 7 fc (w 2 ) < 0, 

then there exists a metric u on X satisfying 7fc(w) = 0, i.e., oj is a k-th Gauduchon 
metric. 

Proof. Let 

cj t = tuji + (1 - t)u 2 , for all < t < 1. 

Then ujt is a hermitian metric for each t. The result follows immediately by applying 
the Mean Value Theorem to the function (p(t) = -jki^t)- D 

Proposition 11. For any function p 6 C 2 (M), we have 

(5.5) e -™" 7fc M < 7fc (e" W ) < e-~"7 fc ( W ). 

In particular, the sign of the function 7^ is a conformal invariant for hermitian 
metrics. 

Proof. Let a; = e p a;. Then, there exists a function v and a number 7^ = 7fc(w) 
satisfying 

( V /Z T/2)aa(e c o; fc ) Aw"^ 1 = %e^Cb n , 

that is, 

(5.6) (V^l/2)dB(e ii+kp u; k ) A w""^ 1 = %e G+kp efu n . 
We can rewrite (|5.6p as 

(5.7) A(u + fcp) + |V(u + Ml 2 + (#1, d(v + /cp)) + = ne P 7, 

where the operators A and V are with respect to oj, and B\ and (p are given by 
(|4.4p and (|4.5p . respectively. Subtracting (|5.7p by 

Aw + |Vv| 2 + (B 1 ,dv) + 99 = n7 fc (w) 

and then applying the maximum principle yields ()5.5|) . □ 

Proposition 12. For a hermitian metric u>, the number Jk(^) > (= 0, or < 0) if 
and only if there exists a metric u in the conformal class of u such that 

~k a 



(5.8) (V^l/2)ddti k A cD™"^ 1 > (= 0, or < 0) on X 
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Proof. Suppose that 7fc(w) > (= 0, or < 0). Let Co = e v / k uo, where v is the smooth 
function associated with uo so that (jl.llj) holds. Then, 



~, n— k— 1 



lk (uj)uo n e^ n ~ k > > 0(= 0, or < 0). 



(V-l/2)09w*Aw 

Conversely, if there is a metric Co in the conformal class of to such that (15. 8h holds, 
then we claim that 7fc(w) > (= 0, or < 0). Indeed, by Corollary H] there exists a 
smooth function v such that 

(V^l/2)d8(e*£b k ) A Cd n ~ k - 1 = -y k (u)e*u. 

This is equivalent to the following equation 

(5.9) Av + \Vv\ 2 + (Bi,dv) + <p = nj k (Co), 

where the operators A and V are with respect to Co, and B\ and (p are given by 
(|4.4j) and (|4.5[) . respectively, with Co replacing uo. By (I5.8P we have (p > (= 0, or 
< 0). The claim then follows immediately by applying the maximum principle to 
(|5.9p . By Proposition llll we finish the proof. □ 



Moreover, for the case of 7& > 0, we have the following criteria on the integration, 
which is often easier to verify. 

Lemma 13. Suppose that n, the complex dimension of X , is an odd number. Let 
k = (n — l)/2. Then, there is some metric uo satisfying 7fc(w) > if and only if 
there is some semi-metric Co {i.e., semi-positive real (1,1) -form on X) satisfying 



1 



ddCo k A Co 



°,n—k—l 



> 



x 



Proof. By Proposition 1121 the necessary part is obvious. For the sufficient part, let 
Co be any hermitian metric. Let 

uot = Co + tCo 

for t £ (0, 1). Then we have 

e- v {V=l/2)dd(e v <4) A uo^- 1 



-1 



A 



{ddJt A uo n t ~ k ' X + dv A Bv A w™" 1 ) 



(5.10) 



+ 



x 



ddv A uo 



n-l 



+ 



n 



- (duo™~ 1 Adv + dvA duo?- 1 ) 



x 



(dduo k A uo?"*'- 1 + dv A dv A uo?- 1 ) 
2k 



~, 1 
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Since k = (n — l)/2, the second integral on the right of (|5.10p vanishes. It follows 
that 

e~ v (V^l/2)dd(e v u k ) A uj T t l - k ~ l > [ dduj k A uj k 

x 2 J x 



- [ ddCj k Auj k + t^-^ [ {ddCo k A % + dd^t A Cj k ) 
Jx 2 Jx 



where * t = Cj A (Cj k ~ 1 + Cj k ~ 2 A uj t H h Cj A 2 + : ). This implies that 

7fc(w*) > for the sufficiently small t. □ 

A similar argument works for the (classic) Gauduchon metrics, for any dimension 
n, and for all 1 < k < n — 2. 

Lemma 14. Let X be an n- dimensional hermitian manifold, k an integer such 
that 1 < k < n — 2. Then, a hermitian metric u on X satisfies 7fc(w) > if the 
Gauduchon metric Cj in the conformal class of u satisfies 



(5.11) 1—1 I ddCo k A u n - k - 1 > 0. 



A 



Proof. By Proposition we can assume that oj = Cj, without loss of generality. By 
(|5.10p with oj replacing u>t, and applying ddoj 11-1 = yields 

/ e" v (V^l/2)dd(e v cj k ) Au n ~ 1 - k > ^— !- / dduj k A u 1l ~ 1 ~ k > 0. 
Jx 2 Jx 

□ 

Corollary 15. Let (X,uj) be an n-dimensional balanced manifold. Then, for each 
1 < k < n — 2, we have 7fc(w) > if 

[ dBuj k A uj n ~^ k > 0. 
2 Jx 

6. Constructions on hermitian three-manifolds 

We shall apply previous results to construct a hermitian metric with 71 > on 
a complex three dimensional manifold. Theorem [6] will follow from Proposition I12[ 
together with the following theorem. 

Theorem 16. There always exists a hermitian metric oj on a complex three dimen- 
sional manifold X such that 

(V^l/2)ddLj Aoj > 0. 

Proof. By Lemma [13] and Proposition [T2l it suffices to construct a semi-metric Cj 
such that 



ddu A Cj > 0. 

x 
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Fix a point q E X and a coordinate patch U B q. Let (z±,Z2,z 3 ) be coordinates 
on U centered at q. Here Zj = Xj + y/—lyj for 1 < j < 3. We can assume 
N = BxBxRcU, where B is the unit ball in C, and 

R = {z 3 eC\ \x 3 \ < l,\y 3 \ < !}• 

Take a nonnegative cut-off function r/ G C^{B) and two nonnegative functions 
/, g € Cg°([— 1, 1]) to be determined later. On N, define 

4> = v(zi)v( z 2)f(x 3 )f(y3), ip = v(zi)v( z 2)g(x 3 )g(y3), 

and then define 

(6.1) u = ^ [(f)(z)dzi A dz\ + ip(z)dz2 A dz 2 ] ■ 

Obviously, Co is semi-positive and with compact support in N. So it can be viewed 
as a semi-metric on X. Clearly, 

(6 . 2) 2^ Afl= (^ + , *£_W 



dz 3 dz 3 dz 3 dz 3 



where 

"In 3 



(6.3) dV = ( » ) ^ Zl A A A dz2 A A t ^ 3 " 

Since 



d 1/3 , — - d \ 3 1/3 , — - 3 



we have 



<9z 3 2 V <9z 3 v * <9y 3 7 ' <9z 3 2 V dx 3 + v * <9y 



3z 3 9z 3 <9z 3 3z 3 
$ ( d 2 ^ d 2 ip \ 'tp / d 2 c^ <9 2 <^> 



4 

We choose 77 so that 



Then it follows that 



4 \dx 3 dx 3 dy 3 dy 3 J 4 \dx 3 dx 3 dy 3 dy 3 
\v 2 (z 1 ) v 2 (z 2 )f(y3)g(y3)[f(x 3 )g"(x 3 ) + g(x 3 )nx 3 )] 

+ lv\zi)v\z2)f(x 3 )g(x 3 )[f(y 3 )g"(y 3 )+g(y 3 )f"(y 3 )]. 



B 



rj 2 (z)^^-dz Adz = 1. 



r ddu;Au; = ± / f(t)g(t)dt / [/(%"(*) + /"(*)</(<)] ^ 



X 



f(t)g(t)dt [-f'(t)g'(t)]dt. 

-1 

The result follows immediately from the proposition below. □ 
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Proposition 17. There exist nonnegative functions f,g G C^°([— 1,1]) such that 

-Jf(tW(t)dt>o. 

Proof. For any two real numbers a < b, we denote 

Xa,b(t) -- 



exp [ — ^— I , if a < t < b, 

1 t-b t-a. 



0, otherwise. 

Clearly, we have that Xa,b G Cq°(R), that )d ab (t) > for a < t < (a + b)/2, that 
x' a:b (t) < for (a + b)/2 < t < b, and that Xaj(*) = when * = (« + &)/ 2 - Letting 

/(*) = X-l/3,l/3(*)) and = Xo,2/3(*) 

yields that -f'(t)g'(t) > for < i < 1/3 and otherwise f'{t)g'(t) = 0. This in 
particular implies the result. □ 

Let us now consider some examples. We can directly construct a hermitian metric 
10 with 7i(w) > on T 3 , the 3-dimensional complex torus. 

Proposition 18. On the complex T 3 , there is a metric to satisfying 

\f-i/2ddu A u > 0. 

Proof. Let (zi, z 2 , z 3 ) be the coordinates of T 3 induced from C 3 . Let 

uj = — — [£(x3)<izi A dzi + r](x 3 )dz 2 A (iz 2 + dz 3 A dz 3 ] , 

where £ and 77 are two positive smooth functions on T 3 only depending on x 3 , which 
will be determined later. Then 

(V=l/2)ddu A 00 = L-J^L + zJ^) dV > 
V dz 3 dz 3 dz 3 dz 3 J 



if and only if 



d 2 £ + ^ d 2 r] 1 d 2 ^ + l^d 2 r/ > Q 
r> ' dz 3 dz 3 dz 3 dz 3 4^<9x 2 . 4 <9x| 



Here tiV^ is defined by (|6.3|) . So we need to look for two smooth, positive, 27r-periodic 
functions r\ and £ such that 

v"(t) e(t) 
nit) + m ' 

We define 

(6.4) £(i) = 1 + resini, for some < re < 1. 

We observe that 

2 *" £" , /" 27r Ksint , n f 2lT dt 
^-dt = - I dt = -2-K ' 



£ 7 1 + k sin t Jo 1 + k sin t 
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By Proposition 8 in [9|, the value of above integral tends to +00 monotonically, as 
k — > 1~. Hence, for a constant C > 0, there is a unique real number k, such that 
the function £ given by (|6,4p satisfies 



2tt /-// 



eft 



2tt 



Cdt. 



It implies that equation 



C" + T = C 



has a smooth 2-7r-periodic solution £ on R. Let r] = . Thus, 



(c'f+c"+V > c > 0. 



□ 



As another example, we show that the natural balanced metric on the Iwasawa 
manifold has positive j\. Recall (for example, [W\ p. 444] and \20\ p. 115]) that 
the Iwasawa manifold is defined to be the quotient space G/T, where 







1 


Z\ 


z?, 




-1 







1 




;z 1 ,z 2 ,z 3 e 












1 





r is the discrete subgroup of G consisting of matrices where Z\ , z 2 , z 3 are Gaussian 
integers, i.e., Zi £ {a + b\f—\. | a, b € Z} for 1 < i < 3, and T acts on G by left 
multiplications. Clearly, the global holomorphic 1-forms 



<Pi = dzi, 



9?2 



dzo 



(p 3 = dz 3 - zidz 2 



on G are invariant under the action of T, hence descend down to G/T. Observe that 
G/T does not admit any Kahler metric, because dip 3 = ip 2 A tp\ 7^ 0. Let 



(V-l/2)(y?i A 921 + tp 2 A ip 2 + <f3 A (f 3 ). 
Then, u is a balanced hermitian metric on G/T, for dui 2 = 0. Furthermore, we have 

(y/^l/2)ddu} Aw = (\/^T/2) 3 99i A £1 A ip 2 A <£ 2 A 993 A <p 3 > 
on G/T; hence, by Proposition [TJJ we conclude that 71 (w) > 0. 



7. The first Gauduchon metric on Calabi's manifolds 

In this section, we shall establish the existence of the 1-st Gauduchon metric 
on the non-Kahler manifold introduced by Calabi [5]. In view of Theorem [6] and 
Corollary \W\ we need to find a hermitian metric with negative 71 value. 

We first recall Calabi's construction of non-Kahler complex three dimensional 
manifolds. Let O = R 8 denotes the Cayley numbers. We fix a basis • • • 
such that 
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(1) Ii ■ Ij = 6ij with respect to the inner product. 

(2) The table of the multiplication of the cross product Ij x Ik is the following 



(7.1) 



X 


h 


h 


h 


h 


h 


h 


h 


h 





h 


-h 


h 


-h 


h 


-h 


h 


-h 





h 


h 


-h 


-h 


h 


h 


h 


-h 





-h 


-h 


h 


h 


h 


-h 


-h 


h 





h 


h 


-h 


h 


h 


h 


h 


-h 





-h 


-h 


h 


-h 


h 


-h 


-h 


h 





h 


h 


h 


-h 


-h 


h 


h 


-h 






Via this basis, we have the isomorphism M 7 = Im(O). 

Calabi considered a smooth oriented hypersurface X® M 7 . Fix a unit normal 
vector field N of X. There is a natural almost complex structure J : TX —> TX 
induced by Cayley multiplication as follows. For any x G X and any V £ T X X, 
define J : T X X ->■ T X X as 

J(V) = N x V. 

Calabi proved that J is integrable if and only if J anticommutes with the second 
fundamental form of X. 

Calabi constructed compact complex manifolds as follows. Let S be a compact 
Riemann surface which admits 3 holomorphic differentials <pi, 4>2, 03 with the fol- 
lowing properties: 

(1) linear independent; 

(2 ) ^ + ^2 + 2 = o . 

(3) 0i A 0i + 4> 2 A <p 2 + ^3 A 4> 3 > 0. 

Lifting 0i, 02, 03 to the universal covering S — > S and setting 

x j (p)=Re I* fa, j = 1,2,3 
J P ' 

for a fixed point jj' £ S, we obtain a conformal minimal immersion 

i> = (x\x 2 ,x 3 ) : S -> R 3 . 

This mapping is regular, since the differentials 0, satisfy (3); by the weierstrass 
representation, property (2) is equivalent to the statement that ip is minimal; finally, 
because of property (1), it follows that £ is not mapped into a plane. 
Calabi then considered the hypersurface of the type 

(-0, i(i):SxK 4 ->R 3 xIR 4 = Im(O), 

where M 3 = span R {/i, I2, 13} and M 4 = span K {/4, 1$, Iq, Ij}. Since ip : S — > M 3 
is minimal, S x ]R 4 is the complex manifold. If g : S — > S denotes a covering 
transformation, then ip(gp) = ip(p) + i 9 for some vector £ g G M 3 . It follows that the 
complex structure onSxK 4 is invariant by the covering group of £ and so descends 
to £ x IR 4 . On the other hand, for R 4 , we can further divide by a lattice A of 
translation of M 4 , and thereby produce a compact complex manifold X^ = £ x T 4 . 
We can view X\ as a family of complex tori, parameterized by the Riemann surface. 
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Calabi showed that such complex manifolds are non-Kahler. However, there 
exists a balanced metric on these manifolds [141 119) . Let us consider the nature 
metric. 

Define a 2-form on X\ as 

lo (V,W) = N ■ (V xW) 
for any V, W G T X X\ at any x G X\. Then clearly we have 

uo (V,W) = -lo (W,V); 

and using the formula 

N ■ (V x W) = {N x V) ■ W, 

we also have 

u (jv,jw) = uo(v,wy, 

w (V, JV) = (N x V) ■ (N x V) > 0, if V + 0. 

So wo is the positive (1, l)-form on X\ and therefore defines a hermitian metric. 
Next we check that ujq is a balanced metric. The unit normal vector field of X in 



K 7 can be written as 

3 3 

(7.2) N = ^2ajlj, 5>5 = 1, 

3=1 3=1 



where Oj for j = 1, 2, 3 are functions on E. Let (x±, x^,xq, xj) be the coordinates of 
M 4 . Then we can write the hermitian metric loq as 

Wo = + y>o, 
where ws is a Kahler metric on E and 

</?o =aidxi A da;5 + a^dx^ A c?X6 — a^dx^ A dx7 
—03^X5 A — aadxs A + a\dx§ A dx7. 
By direct check, we have 

<£>0 = 2<ix4 A (ixs A dxQ A dx7. 

Therefore, 

d(wo) = c?(2a;s A (/?o + Vo) = 2dws A y?o + 2<^s A d<^o — 0, 
since ujy, is a Kahler metric and all functions dj are defined on E. 

At last we prove that there exists a 1-Gauduchon metric on X\. By direct com- 
putation, we have 

3 

ddujQ A ujq = dd<po A(po = 2 ajddaj A dx4 A cfcc5 A dxQ A dx7. 

3=1 

Condition <\7.2\\ implies 

3 3 

ajddaj = — dctj A daj, 
3=1 3=1 
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Combining the above two equalities yields 

3 

yf— lddojQ A ujq = — 2y/ — 1 da,j A ddj A dx 4 A dx 5 A drc 6 A 

3=1 

3 
3=1 

and therefore, 

v 7 ^! / dd(e v wo) Awo = \/^T / e u cj A d<9w < 0. 

Hence, we have 71 (wq) < 0, by Corollary [3J so — 1 G Hi(Xa). 
Proposition 19. Ei(X A ) = {-1,0,1}. 

Proof. We have proven — 1 G Hi(X A ) and According to Theorem [6] we also have 
1 G Si(X A ). Then by Corollary Efl G 3i(X A ). □ 

Corollary 20. There exists a 1-Gauduchon metric on X\. 

8. The first Gauduchon metric on S 5 x S 1 

Let S 5 —7- P 2 be the hopf fibration of the complex projective plane P 2 . 5 5 can 
be viewed as the circle bundle over P 2 twisted by ^£ G H 2 (P 2 , Z) . Here u fs is 
the Fubini-Study metric on P 2 . We let it : S 5 x S 1 — > P 2 be the natural projection. 
Then using a canonical way (c.f. [1U|, I12j). we can define a complex structure on 
S 5 x S 1 such that -zr is a holomorphic map. We can define a natural hermitian metric 
on S 5 x S 1 as follows: 

(8.1) u = tt*uj F s + ^^9 A9, 

where 6 = #1 + a/— 1#2 is a (l,0)-form on S b x 5 1 such that d9\ = tt*ujfs and 
<i#2 = 0. So 80 = ir*ujps and 89 = which imply 

_ T„ = 1 



.2) -^-^ddwo = -^tt*c4<?- 

Thus 



(8.3) ^—ddu Aw = (~^~) 7r * a; FS A 6> A 

and therefore 



3! 



dd(e v ujo) A w = v -1 / e"wo A <9<9u;o < 0. 

Hence, we have 71(^0) < 0, by Corollary dj so — 1 G Hi(S' 5 x Then by Corollary 
lUJ G Hi(S' 5 x S 1 ). That is we have 



Proposition 21. There exists a 1-Gauduchou metric on x S 1 . 
Using above natural metric ujq on S 5 x S 1 , we can also prove 
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Proposition 22. There does not exist any pluri-closed metric on S 5 x S 1 . 
Proof. If there would exist a pluri-closed metric ui on S 5 x S , then 

(8.4) °=/ ^^ddLO A w = -7 / lo A tt*lo 2 fs < 

since oj A -k*uj 2 fs is the strictly positive definite (3,3)-form on S 5 x S . That is a 
contradiction. □ 

We also know that there does not exist any balanced metric on S 5 x S . The 
proof is standard and is given here. There is an obstruction to the existence of a 
balanced metric on a compact complex manifold. Namely, on a compact complex 
manifold with a balanced metric no compact complex submanifold of codimension 
1 can be homologous to [19]. Now for ir : S 5 x S 1 — > P 2 , since ir is a holomorphic, 
vr-^P 2 ) is a complex hypersurface in S 5 x S 1 . Certainly ir 1 (P 2 ) is homologous to 
zero m S 5 x S 1 since H 4 (S 5 xS 1 ,l) = 0. Therefor there exist no balanced metric 
on S 5 x S 1 . 
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